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188. All non-spaces of the same spaces are equal. 

Proof. — Suppose \°A and \°A 1 to be two non-spaces of °A. Then 
°A + \°A=1=°A+\°A 1 ; whence by 185. remembering that °A.\°A=--0 and 
°A.\°A i =0, \°A=\°A X . 

189. The non-space of the non-space of a given space is the given space. 
Proof.— Wehave|°^+|pj.= : l = | o J i + o J.,and|P^.| o A=0=: o A| o A(187). 

Whence, by 185. 11°^=°^.. 

190. We give below four diagrams with descriptive names. 



(Si 




Identical Spaces. 



Incident Space. 



Cutting Spaces. 



Disjunctive Spaces. 



191 . Each of two spaces is incident to their sum. The product of two spaces 
is incident to each of them. Unity is the highest space, to which all other spaces 
are incident Nought is the lowest space, being included in all other spaces. Com- 
pare the use of unity here with its use in Chapter V. 

The theorems already given will suffice to show that the language and 
subject matter of the Ausdehnungslehre can be utilized in the study of logic. The 
material for this chapter is taken from Robert Grassmann's Ausdehnungslehre 
(Slettin, 1891). Robert Grassmann aided his brother Hermann in the prepara- 
tion of the Ausdehnungslehre of 1862 and the Formenlehre of 1872, and was 
always deeply interested in the subject. 

The article in the Britanuica already referred to and Professor Stokes' 
article in the January (1900) number of The American Mathematical Monthly 
show that there is considerable diversity of opinion regarding the philosophy 
underlying the application of mathematics to logic. 



INTEGRATION OF ELLIPTIC INTEGRALS. 



By G. B. M. ZEER, A. M., Ph. D., Professor oi Chemistry and Physios, The Temple College, Philadelphia, Pa. 



[Concluded from November Number.] 

1 ry'{\-e t %\Xi'0)d(> 



r dft ^ 1 r ]/ ( 1 - e 2 suV 

J cos 8 ^/(l-e s sin 2 ^; ~~~ 1-eV 'cos»# 

e 2 f d0_ (8-19g»+ 15e*) 

T^J co8*«r'(l-e s sin««) lo(l-e 2 ) 2 v ' ; 
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5a^^.'d-.i»-», + f^i.^<,-.. sl ».»,= Sl . . . .(.08, 

From the foregoing we deduce the following relations : 
V^fVi + U,, V 3 =e*V, + U 3 . 

.'. Generally, F„=e 8 F„_!+ U n (109). 

3F 8 =2(l+e s )F 1 -e s F o -(cos/8in30) l /Cl--e 8 8in 8 0), 

5F 3 =4U+e 8 )F ! -3e 8 F 1 -(cos6y8in«0) V /(l-e»sin 8 6'). 
.-. Generally, (2n-l)F„--=(2n-2)(l+e 8 ) V n -.t-{2n-S)e* F„_ 2 

-(cos0/sin 2 »- 1 %/(l-e 2 sin 2 0) (110). 

(l-e s )S 2 ==U 8 -« 8 S„ (l-e*)S 3 =K s -e 8 S g . 

.-. Generally, (l-e a )S„=:i?„-e ,8 5„- 1 (111). 

3(l-e2)S g =2(l-2e 8 )S 1 -e i! S +(8in#/cos 3 ^i/(l-e a 8in S! 6i), 

5(l~e ! )5' 3 =4(l-2e !! )5 1! -3e i! S 1 +(sin6'/co866')y(l-e s 8in i! 6'). 
.-. Generally, (2n-l)(l-e 8 )S tt =(2n-2)(l-2e 8 )S n _i 

-(2m-3)e s S„_ 2 +(8in#/co8 2 '^ 1 (!') 1 /(l-e s sin 2 &) (112). 

3D' g =(2-e 8 )U' 1 -e 2 (l-e 2 )» -(co86'/sin 3 #),/(l-« a 8in 8 ^), 

5D- s =r(4-6 8 )i7 s -e 8 (l-e 8 )F 1 -(co8#/8in«) 1 /(l-e 8 3in 8 #). 
.-. Generally, (2n-l)U n =(2n-2-e t )u n _ 1 — e 2 U-e 8 )v„_ 2 

-(cos<tysin 2 »- 1 0,i/(l-e 2 sin 8 ) (113). 

3(l-e 8 )E s = : (2-e 8 )5,-e 8 S +(8in#/co8 3 «)i/(l-e 1! sin 8 tf), 

5(l-e 8 )i2 3 ==(4-3e 2 )B 2 -e 2 5,+(sin<?/co8 5 fl)v/(l-e 8 8in 8 »). 
.-. Generally, (2n-l)(l-e 2 )iJ„=[2n(l-e 8 )-(2-3e 2 )]7? n _- 1 

-e 8 S„_ 2 +(sin(!'/cos 2 »-^)i/(l-e 8 sin 8 6') (114). 
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The following integrals come under the above . 

C l /(a*+2b*x*+x*)dx, JV(a 4 - 26^ +x*)dz, where a<6. 

Let 6*+(6 , -a 4 ) i =>» 2 , & 2 -(b 4 -a*)4 =n 2 . 

.-. i'a*+2&*a; , +a;*)=(a;*+m*)(a;«+n 8 ) (115). 

(a'-2b s x*+x*)=(.x*—m*)(x*-n t ) (116). 

In (115), let a;=ntan#. .•. dx^nsec'ffdC 

In (116), let z=mcosecfl. .•. dx=—mcosec6cot8dff. 

Lete«=(m e — » 2 )/m 2 , k*=n*/m t . 

C , . „ IO . , , „ /V[m 2 -(m 1! -n 2 )sin 2 6nd0 

J cos** 2 

f // « o>,. ■ , ,u s fcos 2 V(w 2 -n 2 sin 2 #)d# 
I v/(o 4 — 2o*a; 2 -f z 4 )ax= — m 3 I ! :— ^ — - — 

= m J sh^H TO \J si^y =™ 1 (^ l -J7 t ),fro n .(97),(101) 

Let (3)=G,, (5)=<? 4 , (10)=G 3 , etc. (4)=77,, (7)=77 g , (13)=F 3 , etc. 
(8)=/,, (15)=7 f , (22) =7,, etc. (9)=^,, (16)-=A" 8> (25)=^T 3 , etc. 
and writing («, 0) for (e, Jtf) we get 

3e a G s =^2(l+e')G 1 -G , 5e 2 (? 3 =4(l + e*)G 2 -3G, . 
.-. Generally, (2n-l)e ! (? n =(2n-l)(l+e 2 )G ! n _ 1 -(2n-3)C? B _2 ....(117). 
3e 2 fl ! =(l-e s )fl' -2(l-2e i! ) J H" 1 , 5e 2 77 3 =3(l-e 2 )F 1 -4(l-2e 2 )ff s . 
.-. Generally, (2n-l)e ! 77 B =(2ra-2)(l-e 2 )77 n _ 2 

-(2n-l)(l-2e 2 )F„_i (118). 

I l =G l -e s G l , 7 8 =<? 2 -e 2 G 3 , 7 3 = G 3 -e 2 G 4 . 
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.•. Generally, I n =G n —e 2 G n+ i (119). 

K t =(l-e*)H,+e*H„ K^(l-e 2 )H 2 +e 2 H g , K 3 =(l-e*)H 3 +e*H t . 
.-. Generally, K n =(l-e 2 )H n +e 2 H n+1 .(120). 

J sin 2 0|/(l--e*sin*0) — v /{\-e 2 sm 2 B) + e " J (l-e 2 sin 2 0)S 
cos 2 MO cot0 1 f ri6» 



/• cos 2 tidtt _ cotfl 1 r <Z( 

" ' J (l--e*sin*0) ! ~ eV'( 1 -« ?sin2<y ) "e*^ sin 2 6' 1 /(l- 



■e 8 8in»C) 



r d# tan g 8 r sm 2 Bdd 

J cos 2 ^i/(l — e 2 sin 8 #) ~~ ,.. U-« 3 sin 2 #) e ~ J (l-<? 2 sin 2 fl)= ' 

r s\n 2 0dff _ ta nfl \_r d» 

*'' J (l-e 2 sin 2 #)? ~~ eV(l-e 2 sin 8 #) e 2 J coB t f^/(.l-e t ain*0) 

1 E(e, 8)-' Fie, *)- „ JT*"*^ (122). 



e 8 (l-e s ) ' e 2 ' ' (1 — e*)|/(l - e'-sin 8 ^) 

r cos 2 fid fi _ cos'flcotfl C cos 2 Hd0 

J sin 8 6' ) /(l-« Ssin8 ' y ) ~~ ]/(l-e ! sin 2 ^) ( e "'J (l-e-'sin 2 ")? 

_ 2 r cos*odo 

6 J (l-e 2 sin 2 #)3 ' 

r cos*0do 1 r dh l r dtt 

' ' J (]— e 2 sin 2 #)3 ~~ ^e 2 ^ |/(1 — e 8 sin 2 0) ^J "s iTi ?'(>] y i - « 3 sin 2 !))" 

2(l-e 2 )r cos 8 tfdfl cos 2 <7cotQ _ (2-e 8 ) 

i» J (l-e 8 sin 2 0)i e 2 j/(l-e 2 sin 2 ^)~ e 4 ' } 



-^pF(e, , ) _L^!, M 8i "^ S ' =r...(128). 



/ • costQdtt cotfeos 4 6> _ 4n _ 2 .r collide 

J sin 8 »i / (l-e 2 sin 8 6 l ) ~~ 1 /(l-e 2 sin 2 tf) e V (l-e 2 sin 2 fl)2 ' 

J (l-e 2 sin 2 fl)? ' 
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r cos«»d0 _ _2_ r do i_ r 

J (l-e'sin 8 ^ - 3e 2 J j/U-^sin 2 ^)" 3e 2 J 8in 2 <V(l-« ?sin2# ) 

1 r s\n 2 0d0 _ 4(1— e 8 ) P cos'OdV cotflcos 4 fl 

3e*J T/d-e'sin*^ Se 2 "" J (l-e 2 sin 2 0)? 3e s 1 /(l-e 8 sin 8 ^ 



(8 - 17£2+9e4) -F(e, *)- O-iy +»««> £(e , *, 



3e« ' ' ' 3e 6 

(4-6e 2 +3e 4 ) sinfcostf sin^costf 



-=T, . . (124). 



' 3e 4 " K / (l-« s 8in s 6') SeVO— a* 8 " 1 *'*) 

/cte 1 r cos*0d0 _ 1 /- cos*0d0 

(a* + 2i 2 z 2 +x T )T~ n"V [mS — CmS-n^sin^]? "~n 2 m 3 J (r-e 2 sin 2 <08 

sin*0d0 



cos 2 0(ro s — n s sin*#)t 



= Jj_ (195, f d * = -J-f 

n")B s "" 1 J ' J (o 4 -26 2 x 2 +x*)' m 2 J 

— ~w»s~J cos 2 «(l — jfc 2 sin 2 0)t "wTj (1 — fc 2 sin s #)* 

i f___i^ L r_cos^)do_ i _ 

m«J cos 2 #(l-fc 2 sin 2 #,l m'J (1-J; 2 sin 2 0) 3 B sl ° ,; 

_j_r ^l - i [2F n , ** r rf " 

m 5 J cos 2 #(l-t 2 sin 2 tf)2 m 5 v ° ,; m*(l-Jfc*) J (l-Jfc*sin*#)S 

1 f ^_ 1 f2-*V L?-r^ (126^ 

m 5 (l-£ 2 )J cos 2 «|/(l-fc 2 sin 2 ») m» Vl-ifc 2 ° 1-fc 2 ' ' /" l ; ' 

In (126) and in the value of j |/(a 4 — 2b 2 3: 2 + z* )dx, k is written instead of e. 

r_ si^Od O tantfsin 2 <? _ r sin 2 Odf) 

J cos 2 W|/(l-6 2 sin 2 ^) — |/(l-e 2 sin 2 #) J (l-e 2 ein 2 0)3 

, /• sin^dtf _ r Bin* OdO _ 1 C de 

+e J (l-e 2 sin 2 0)S ' " ' J (l-e^in 2 ^)? ~~ e 2 J cos 2 Oy^l—e'si^O) 

1 r rftf 2 r sin 2 fldfl tapflsin 2 fl 

e^J y'U-^sin 2 ^) + "e 2 ^ (l-« 2 sin 2 ^)? ™ e 2 1 /(l-f 2 sin 2 tf) 

2— e* r./ iiN 2 „. . sinCcostf TI . .,„_ 

/sin^d*? _ tan#sin*0 __ /* sin 4 0cW 

cos 2 0,/(l-e 2 sin 2 0) — ,/(l-e 2 sin ! fl)~ — J (1— e 2 sin 2 ^ 

s C sin*Od0 /• sin 8 ftffl 1 r de 

+ J (l~e 2 sin 2 0)3 ' ''' J (l-e^sin 2 ^)! — 3« 2 J cos 2 Vd-« 2 sin 2 0) 
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ede 
sin 8 0)' 



2_ r dO _1_ r cob* Odd 4 r sin 4 

3e 2 J ^/(l-e^in^) 3e 2 J ,/(l-e 8 8in 2 0) + 3e 8 J (l-e 2 s 

tannin**? _ 8-3e 2 -2e« (8+e 8 ) m „ 

__ _(1 — e 8 )sin0cos0 sintfcos 3 * _„ . „„ 

3e i y / (l-e*sin>0) ~ 3eVU-« s sin 2 0) ~ 8 ' ' ' ' )- 

Comparing (3) and (121) we get, 

/*i" 8in 8 0d0 _ /**» co& 2 0d(} 

J ~j/(l-e 2 Bin 8 0) ~ J (l-e 2 sin 2 0)i " 

Comparing (6) and (123) we get, 

3 rl* sin^cos 2 ^ _ /4» cos*edd 
J i/(l-e 2 sin 8 6>) — J (l-e 2 sin 2 6»)§ ' 

Comparing (12) and (124) we get, 

5 p" sin 2 flcos*tfdfl __ /•!» eos 6 6W 
Jo i/(l-e 2 sin 2 (Vj" _ J (l-e 2 sin 2 0)t ' 

,. « -s r**8in 2 0co8 2n - 2 #<i6> ft* cos 2n 0d# 
.'. Generally, (2n— 1) I — — — — —— = I — . 

J V i/(l— e 2 8in 2 6') J (1 — e s sm 8 6')f 

Comparing (4) and (122) we get, 

ri' co8 2 flrffl /•*' sin 2 ffrffl 

Jo i/(l-e"sin*#) ~ C e V (l-e 8 sin 8 0)5 - 

Comparing (6) and (127) we get, 

3 ffr sin 2 flco8 2 flrifl p" _sin*6W_ 

Jo i/(l-e 2 sin 2 0) — ( e } J (l-e 8 sin 2 0)S " 

Comparing (11) and (128) we get, 

b rt" sin* flcos 2 6W /•>» sin 6 6W 

J 1 /(l-e 2 sin 2 #) ~ ( * U (l-e 2 sin 2 0) ! ' 

.-. Generally, (2m— 1) I —. — . ■ =(1 — e 2 ) I ^ — -—— _. 

•^ o i/(l — e'sin 2 ^) J (l—e 8 8in 8 0)3 

r dv = r do , r do 

J sin 8 0(l-e 2 sin 2 <?)l — J shi'tfj/U — e s sin*0) +e J (1— e 8 sin 2 0)5 

r dv = l r de e 8 r do 

J cos 2 0(l--e 2 sin 8 6OS — l-e 8 J cos 2 O v '{\-e*em t H) l-e 8 J (l-e 8 sin 8 0)t 
=[l/(i-e , )](flf,-« , IP )=O t . 
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J 8in*0(l-e 2 8in*0)l ~J sin 4 Vd-*'™^) J sin 2 0(l-e 2 sin 2 0)* 

J coB*0(l-e*sin*0) J== ^' cos 4 6ya-e 2 sin 2 #) ~ e2 °i J(l37sJ 
=[l/(l-e 2 )](5 s -e s 1 )=0 2 . 

•'• QeDerall y'/ g in^(l-!'gin'g)l =r » +g ' L - 1=£ »- 

J co8^(l-e 2 sin 2 <»)5 = J^^ (5n ~ e80 "- l)=0 '" 

The following general integrals may be of interest. The last term in the 
right hand member being the one sought. 



(Y-J U 

J \cos 2 sin 2 0/ (1 — 



dti secflcosecfl 



(l-e 2 sin 2 *)i( 2 »-» (l-e ! sin 2 S)K 2 »-^ 

+(2n-l)e 2 J (1 _ e2gin ^ )4(2 „ + i) • 
tidB cotfcos 2 ™- 2 fl 



/cos 2 ™- 2 
sin^d-e'sin 2 ^ 2 "-!) ~~ ("l-e'Bui^K*^ 

ro 0^1 snT coB 2 "- 2 0d# , „ ., , f cos im W 

— (2m-2)(l— e 8 )l — . „,.,,„,, ... — (2to— 2n— l)e 2 I— =-^- 

J (1 — e 2 sm 2 t')* (2 ' , + 1 > ' J (I— e'sin 



/- 



(l-e*8in*0) 4(M,+1) ; J (I— e 2 sin 2 #)4(2»+i) • 

9 j n 2m-2 gg gg _ tanftsin 2m - 2 # 

cos 2 6»(l-e 2 sin i! 6')i(2n-i)— (i_e8 s in*0)K*»-i> 

sin 2m - 2 6W , ,„ „ , „ f sin 2 "*^ 



,„ ON r sin 2 "- 2 6«# , ,„ „ , , r sin 2 

- (2m " 2) J (l-... in .ff ) fi g+5+< a »- a «- 1 >«' J (T^iln- 



2 0jl(*»+l) 



J sin 2 " 1 ^! — e 2 sin 2 6')4( 2 '»- 1 ) ' J sin 2m - 2 0(l — e e 8in 8 0)M 2 »+ 1 > 



■/. 



do 



sin 2m 0(l — « 2 sin 2 6»)i( 2 »+D ■ 
dfi e* r dO 



i r do e*_ r 

1— e 2 J cos 2m 6'(l-6 2 sin 2 6')4( 2 "- 1 ) 1 — e*J cos 2m - 2 #(l- e 2 sin 2 #)i( 2 »+ I ) 
~J cos 2m 0(l — e 2 sin 2 6')K 2 »+i)' 



